
112 AIAA JOURNAL VOL. 13, NO. 1

Moore has proposed that the same moving wall criterion
[Eq. (1)] applies to reverse flow separation, i.e., when the wall
velocity moves counter to the edge velocity. The boundary-
layer equation does not permit such a solution because a point
where du/dy = u — 0 and the condition that uw < 0 and ue > 0
also implies d2u/dy2 = 0. As a result the inertia and viscous
terms are zero at that point and the pressure gradient term
would be unbalanced. Thus, there are no velocity profiles of the
kind suggested by Eq. (1). Examination of the reverse flow
similarity profiles4 shows that there are no special characteristics
which can be associated with separation such as an inflection
point or an infinite displacement thickness and there is no
tendency toward such conditions.
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IN order to estimate the performance of air breathing pro-
pulsive systems of a high speed aircraft operating under

subsonic cruise conditions, it is necessary that the flowfield
associated with transonic flow past boattails can be successfully
studied and analyzed. This type of problem usually appears to
be extremely difficult as the governing inviscid flow equation
is of the mixed type. In addition, the relatively short boattail
is usually immersed within the thick boundary layer of the
approaching upstream flow so that the viscous interaction
coupling the viscous and its external flows cannot be disregarded.
Experimental investigation of such flows has been carried out,
e.g., by Shrewbury.1 His experimental data indicated con-
siderable influence of the boattail juncture shape to the pressure
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Fig. 1 Model geometry of the bo at tailed afterbody.

distribution on the afterbody especially at high subsonic free-
stream Mach numbers which in turn illustrated the extremely
sensitive character of the transonic flow.

Since the suggestion of numerical treatment of inviscid
transonic flow was made by Murman and Cole,2 a considerable
amount of activities in this area has been carried out. Krupp
and Murman3 computed transonic flow past lifting airfoils and
slender bodies. Bailey4 also extended the small disturbance
treatment to calculate transonic flow past slender bodies of
revolution. Steger and Lomax5 and South and Jameson6

employed the full potential equation to calculate the transonic
flow past two-dimensional and axisymmetric bodies, respectively.
It seems that the problem of transonic flow past boattails
can be studied with these numerical relaxative schemes. Indeed,
it is the intention here to report these results obtained from
such a study. The preliminary calculations are restricted to a
particular model configuration as shown in Fig. 1 which has
been tested in the experimental program.1 It was learned that
the small disturbance treatment of the inviscid part of the
transonic flow is not adequate even though the model appears
to be relatively slender; thus, the full potential equation must
be employed for its study. It will be seen that the "strong
interaction" character of these problems within the transonic
flow regime will be fully illustrated from the results obtained
from this study even though the flow has not been separated
away from the boattailed afterbody.

The detailed derivation and transformation of the basic
equations for the inviscid, viscous flows and the description of
numerical calculations will be presented in Ref. 7. Only a brief
description of the method of calculations is presented here.
For the invsicid flow, the basic equation for the disturbed
velocity potential in the r, z coordinate system was transformed
to6: £ = z, C = Brj/(l+ Brj) with rj = r-rb(z) where B is a
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Fig. 2 Results of calculations and their comparison with the experi-
mental data (Moo = 0.8).
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Fig. 3 Results of calculations for M^ = 0.9.

stretch parameter and rb is the body profile in the meridian
plane. With the proper boundary conditions, the disturbed
potential function is calculated through the numerical relaxa-
tion scheme by performing finite difference calculations in
the £-C plane. Different forms of the finite differences
representing the partial differentiation in the £ direction are
employed depending upon whether the flow is locally supersonic
or subsonic.2 Final solution is reached when the successive
change of the disturbed potential function is within a narrow
limit 8 (e.g., 3 x 10 ~6) throughout the field of calculations. For
the viscous flow, it was found that a simple description of the
growth of the turbulent boundary- layer in the integral formula-
tion by Sasman and Cresci8 is adequate, and its effect on the
inviscid flow can be accounted for through a displacement
thickness correction of the body geometry so that the inviscid
calculations are always based on the equivalent inviscid body
configurations. Since the inviscid calculations are carried out by
repeatedly scanning the field from upstream toward downstream
flowfield, it is extremely expedient to perform the viscous
calculations at the end of each sweep with the prevailing
inviscid flow condition as its guiding freestream. Thus, a new
equivalent body shape was established for the next inviscid
calculations.

Figure 2 shows the results of such calculations for M^ = 0.8.
The indicated inviscid results were of course obtained by by-
passing the viscous flow calculations. It is obvious that the
viscous flow effect was playing an equally important role in
the solution of the problem and the final results agreed very
well with the experimental data. The strong interaction character
of the transonic flow past boattailed afterbody is thus fully
illustrated.

Similar calculations have been carried out for cases of M^ =
0.56 and 0.7 and the final results agreed again very well with the
experimental data. For M^ = 0.9, it was found that "damping"
to the change of the equivalent inviscid geometry was necessary
before convergent calculations can be achieved. The results for
this flow case are shown in Fig. 3. Agreement with the data is
reasonably good, although slightly higher pressure level on the
last portion of the boattail and a slight overshoot from the
shock recompression have been observed.
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Introduction

IN studying the post buckling of a simply supported strut on
a linear Winkler elastic foundation, an interesting and

apparently new result was reported in Ref. 1. Depending on
certain geometrical parameters, the strut was found to possess
either a stable or unstable symmetric point of bifurcation. More
recently, it was shown that for the free ends and the semi-
infinite simply supported strut only an unstable symmetric
bifurcation exists,2 and consequently imperfection sensitivity can
be predicted.3

We are, therefore, inclined to ask ourselves whether a similar
effect exists for a similar and (moreover) practically important
problem like that of an elastically impeded circular ring under
external pressure. In the following section we will try to answer
this question.

Results of the Analysis
Considering a circular ring of the radius r, the axial stiffness

EF, and the bending rigidity El under a constant directional
type of external pressure P, it is easy to show that the potential
energy functional is given by

\2n
v=\

Jo
(1)

where e is the axial strain, ifr is the angle of rotation, ( ' ) = d( )/d4>
and 4> is the angular coordinate.

Eliminating the passive function g, using the equilibrium
equation

£ + Pr/£Fcosi/> -0
we obtain

V=

/> (2)
The main difference between Eqs. (1) and (2) is that Eq. (2) is a
totally symmetric functional which essentially will facilitate the
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